
N O T I Z E N 

Second Derivatives 
of the Hartree-Fock -Roothaan Hamiltonian 

A . A Z M A N 

King's College, Cambridge, England 

a n d Z . BOHTE 

University of Surrey, London 

(Z. Naturforschg. 22 a, 1131 [1967] ; received 28 April 1967) 

In this note we should like to present the second 
derivatives of the HARTREE-FOCK-ROTHAAN HAMivroNian 
that could be useful in ab-initio calculations of the 
force constants. W e shall use a method similar to that 
o f ROSSINKHIN and MOROZOV 1 but e x t e n d e d to p o l y -
atomic molecules. 

Energy E can be written 2 as 

E = 2J [h o{q,q) dV 
+ fr-1[2o(q,q)Q(q',q') - Q (q, q) o {q , q) ] dF dV' 

Therefore, the second derivatives of the energy are 

with e(q>q) = 1<pdo) wW) 

3 Q(q, q) 
3 Rn = 0 and 3 2Q(q, q) 

3 Rn 3 Rm 
= 0. 

1 V . V . ROSSINKHIN and V . P . MOROZOV, Theor. Eksp. Khim. 4 , 
528 [1966]. (Russ.) 
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where h is the one-electron operator and Q is the den-
sity matrix. Using the fact that (pi(q) form a complete 
set of eigenfunctions of the HARTREE—FOCK operator, 
the first derivatives are easily found as 

^ = Ufi<PM 

where the matrix Kn is antisymmetric (KnT = —Kn) 
and Rn is the coordinate. In addition it may be shown 
that 

With the ROOTHAAN'S approximation 3 cp-t = 2 C\p Sp 
p 

where Sp form a complete set of the orthonormalized 
atomic orbitals, the energy is 

E = ZZCip (Hps + Fps) C,s 

= Tr (C(H + F) CT) = Tr (C M CT). 
The first derivatives of E are 

ßE _ _ Tr I 3C M CT + C CT + C M 3CT_ ) 
3Rn \ 3Rn +L dRn L +LM 3Rn I ' 

Derivatives of the matrix C can be found using 

6Rn p oRn oRn J hT> 

Denoting 

we obtain 

3 Sp _rn t 
dRn ~ PS*S 

3 C 
3 Rn 

= Kn C — C G". 

Since the matrices Kn and Gn are antisymmetric we 
have 

M _ _ T (r dM rT 
dRn ~ \L 3Rn 

as Tr(AB-BA) = 0 and T r ( C ^ C T ) = T r ^ provided 
CT C = 1. By the same argument we get 

3-E „ („ 3-M „T\ c r 
rp / 

dRndRm = rl dRndR?, 

This expression is, because of using orthonormalized 
atomic orbitals, simpler as the one derived by ROSSIN-
KHIN and M O R O Z O V for diatomic molecules. 
2 R. MCWEENY, Rev. Mod. Phys. 3 2 . 3 3 5 [ 1 9 6 0 ] . 
3 C. C. J . ROOTHAAN, Rev. Mod. Phys. 2 3 , 6 9 [ 1 9 5 1 ] . 
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Attention is given to the advantages of applying a geometry 
where the primary /-quantum is detected in the beam direc-

* On leave from Physico-Technical Institute, Kharkov, USSR. 
1 A. J . FERGUSON, Angular correlation methods in y-ray spec-

troscopy, North-Holland Publishing Company, Amsterdam 
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tion in the study of triple angular correlations in radiative 
capture reactions. 

The study of angular correlations is one of the im-
portant methods for the determination of spins of ex-
cited states and relative contributions of different multi-
polarities to radiative transitions. In recent years, much 
attention has been given to the measurement and ana-
lysis of triple correlations in radiative capture reactions, 
since such an analysis results in additional spectro-
scopic data 2. 
2 P. B. SMITH in Nuclear Reactions, ed. by P. M. ENDT and 

P. B. SMITH, North-Holland Publishing Company, Amster-
dam 1962, Vol. II. 
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The theory of triple correlations for the case of iso-
lated resonances has been developed by several authors 
(I .e .3 , 4 ) . However, its direct application for the case 
of overlapping resonances is associated with many dif-
ficulties. L I T H E R L A N D and F E R G U S O N 4 suggested a method 
of analysis in which the stage of formation of the de-
caying state in eliminated from consideration. This me-
thod considers population parameters of magnetic sub-
states (statistic tensor parameters) describing the align-
ment of a decaying state as the parameters wThich are 
to be determined from the analysis of experimental 
data. In a general case, the analysis of triple correla-
tions in radiative capture reactions X(x, y y) Y requires 
the determination of many parameters and, consequent-
ly, measurements for a number of geometries. Usually, 
the correlations are measured in geometries I, II, VI, 
VII (the notation of L I T H E R L A N D and F E R G U S O N 4 ) and 
angular distributions of y-quanta are measured as well. 

The purpose of this letter is to emphasize the ad-
vantages of applying the rarely used geometry IV, 
where the first /-quantum is detected along the direc-
tion of an incident particle beam. In fact, in this case 
one may apply the method suggested by L I T H E R L A N D 

and F E R G U S O N 4 for the analysis of triple correlations 
in X(a,by) Y reactions. 

In the considered case of the X(x,yy)Y reactions 
(Fig. 1) owing to axial symmetry of the problem and 

b 

Fig. 1. Energy level diagram showing the notations used. 

equality to zero of the projection of orbital momentum 
on the direction of particle motion, the spin projections 
on beam direction are related as follows: 

mb 2s mx + mx + l (1) 

and the population of magnetic substates is symmetric 
between positive and negative values. Thus, the analy-
sis of experimental data would require, in the general 
case, the determination of one mixing parameter and 
not more than population parameters. In practical 

3 L . C. BIEDENHARN and M. E . R O S E , Rev. Mod. Phys. 2 5 . 729 
[1953]. 

4 A. E. LITHERLAND and A. J. FERGUSON, Can. J. Phvs. 39. 788 
[1961]. 

5 A. R. POLETTI and E. K . W A R B U R T O N , Phys. Rev. 137 B. 595 
[1965], 

cases of proton, neutron or a-particle radiative capture 
by nuclei with spin 0 or 12 , the determination of two 
parameters only (one mixing parameter and one po-
pulation parameter) would be necessary. 

A virtual calculation of angular correlations may be 
performed using the expression: 

R ( 6 > ) = V O A - ( S Ö ) FK(Sb SY) PK(COS 0 ) QK ( 2 ) 
"k 

where QK are the attenuation coefficients and where 
the values for the statistical tensors QK and Fx-coeffi-
cients are tabulated in ref. 5. Formula (2) may easily 
be generalized for the case of unobserved intermediate 
/-radiations 5. 

In the case when the state "a" has a well defined 
spin and parity, and a mixing parameter (5! of the 
primary y-radiation is known, the population parameter 
of the state "6" can be directly determined from the 
formula: 

Wlo + »l(,= ±1 
x [(Li ma + mb Sb-mb ! Sa ma)2 (3) 
+ (5t2 (1/ ma + mb Sb — mb Sa ma)2]. 

The difference between formula (3) and the analogous 
one given in ref. 6 is that the summation in (3) is 
limited by the values ma + m&=+1 associated with 
the necessity of taking into acount the y-quantum trans-
versality in the geometry considered. 

The analysis of two available measurements7' 8 on 
(p,yy) correlations in geometry IV has given values of 
the mixing parameters in agreement with those pre-
viously obtained. 

The described method, apart from its obvious sim-
plicity may readily be applied to practically all the 
reactions of radiative capture, whereas the use of the 
method suggested by L I T H E R L A N D and F E R G U S O N is rather 
limited. Another attractive feature of the considered 
method is that the decaying state should not necessarily 
be a state with well defined spin and parity. 

In practice this means that correlation measurements 
may be performed with thick targets which is important 
for the investigation of the radiative capture reactions 
on medium and heavy nuclei, where the level density is 
high and the reaction cross-sections are small. 
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